This paper is a survey of the Z/Z 2 -valued invariants of topological insulators in condensed matter physics. The Z-valued topological invariant was originally called the TKNN invariant in physics, which has been fully understood as the first Chern number. The Z 2 invariant is more mysterious, we will devote our efforts to reviewing its equivalent descriptions from different point of views. We emphasize that both invariants are realizations of the Atiyah-Singer index theorem in condensed matter physics. The topological K-theory also plays an important role in the classification of topological insulators with different symmetries. *
1 Introduction
Topological insulators [27] are new materials observed in nature which behave like insulators in the bulk but have conducting edge or surface states on the boundary. Mathematically, given the Hamiltonian of the free electrons in a topological insulator, the bulk Hamiltonian has gapped or discrete energy levels and the edge Hamiltonian has gapless or continuous spectrum connecting the energy gaps of the bulk. We review the topological invariants appeared in 2d and 3d topological insulators, which are realistic applications of the Atiyah-Singer index theorem [5] in condensed matter physics. The Atiyah-Singer index theorem teaches us how to compute the analytical index of an elliptic operator by its topological index. In physics, finding the spectral flow of a Hamiltonian, such as counting the change of quantum charges, then could be converted to computing some topological invariant like evaluating the Chern character in gauge theory.
The integer quantum Hall state gives the first example of a topological insulator. The first Chern number, or the TKNN invariant [45] , describes the Hall conductivity and characterizes the integer quantum Hall effect. In this simple 2d model, the quantized conductance can be computed by the integral of the first Chern character over the Brillouin torus, which is always compared to the Gauss-Bonnet theorem on surfaces [8] . The quantum Hall effect will be discussed from a topological point of view in section 2.
The quantum spin Hall effect [34] was first studied in graphene, and later observed in HgTe quantum wells with strong spin-orbit coupling [33] . Recently, 3d Z 2 -topological insulators were also observed in nature [27] . These 2d and 3d topological insulators are characterized by a Z 2 -valued topological invariant, and they are stable under small perturbations by impurities in material. We will continue to use the notation Z 2 by physicists, which really means Z/2Z in mathematics. However, there are so many equivalent definitions of the Z 2 invariant, one goal of this survey is to convince the reader that different descriptions of the Z 2 invariant can be unified by the mod 2 index introduced by Atiyah and Singer in [6] . The main observation is that the time reversal symmetry changes the geometry and topology of the Brillouin torus, which results in the Z 2 topological invariant and the mod 2 Atiyah-Singer index theorem.
First of all, there were two Z 2 topological invariants proposed by physicists. The Kane-Mele invariant was first defined in the quantum spin Hall effect on graphene [29] , and generalized to 3d time reversal invariant topo-logical insulators later [20] , it is the change of signs of Pfaffian over the fixed points of the time reversal symmetry. Compared to the discrete Pfaffian formalism of the Kane-Mele invariant, the Chern-Simons invariant has an integral form defined by the change of Chern-Simons actions under a specific gauge transformation [40] . The Kane-Mele invariant is the analytical index and the Chern-Simons invariant is the topological index, and they fit perfectly into the mod 2 Atiyah-Singer index theorem, so from now on we call both of them the Z 2 invariant. In section 3, we will discuss the Z 2 topological invariant and its variants in details.
The natural geometric setup of the quantum spin Hall effect is the Bloch bundle, which is a quaternionic vector bundle over the Brillouin torus. So the quaternionic K-theory (KH) or the Real K-theory (KR) plays an important role in the classification problem of time reversal invariant topological insulators. More generally, twisted equivariant K-theory could be used to classify topological phases in condensed matter physics [18] . A brief discussion about the K-theory classification of topological phases is also included in section 4 .
In this survey, we collect ideas and results both from the physical and mathematical literature, and we focus more on creative ideas rather than technical proofs. The literature of topological insulators is already large, and we apologize if some important work is not cited due to our limited knowledge.
Quantum Hall effect
In this section, we will review the integer quantum Hall effect in the framework of Atiyah-Singer index theorem. The purpose of this section is twofold. On the one hand, the quantum Hall effect provides the prototype of a topological insulator, in which the only topological invariant is given by the first Chern number. It would be helpful to understand the geometric setup of this simplest 2d model before further generalizations. On the other hand, the second purpose is to let the interested reader get familiar with the basic language used in condensed matter physics, which used to focus more on spectral analysis rather than geometry and topology.
In the classical Hall system, a magnetic field B is turned on perpendicular to a plane of finite size, apply an electric current and consider a single electron flowing through one direction in the plane, say the y-direction. The Hall conductivity is computed as the ratio of the current density to the electric field,
h where ν is the filling factor of the energy levels, also called the Landau levels in condensed matter physics, e is the elementary charge and h is the Planck constant.
When the magnetic field is very strong and the temperature is low enough, the filling factor is quantized into positive integers and this phenomenon is called the integer quantum Hall effect,
Once called the TKNN integer, the quantum number n is successfully understood as the first Chern number of the Berry curvature over the Brillouin torus.
For even stronger magnetic field and extremely low temperature, the filling factor would take fractional values, i.e., the fractional quantum Hall effect, which will not be discussed since the Coulomb interaction between electrons dominates in this case and we only consider Hamiltonians with weak interactions in this survey.
Dirac Hamiltonian
In a 2d square lattice, the Hamiltonian of an electron with spin-orbit interaction takes the form,
where k = (k x , k y ) ∈ T 2 is the crystal wave vector, and σ i are the Pauli matrices. Here A, B, M are parameters, roughly speaking, M could be viewed as a mass parameter, and B plays the role of a magnetic field. When k → 0, the Hamiltonian is written as
Compare to a usual Dirac Hamiltonian, the above has a quadratic correction term B ′ k 2 σ z , but we still call it a Dirac Hamiltonian.
In particular, up to a normalization the Dirac Hamiltonian of the quantum Hall state is given by
The relation between M and B determines the locus of M − Bk 2 = 0. For example, if we change from B > M to B < M, then the locus will change accordingly, which gives a phase transition. In other words, the quantum Hall effect manifests itself as the simplest topological insulator.
First Chern number
Thouless, Kohmoto, Nightingale and den Nijs (TKNN) [45] first showed that the quantum number n in the Hall conductivity σ xy = ne 2 /h is the first Chern number, so it is called the TKNN invariant in the literature. In this subsection, we will review the first Chern number of the quantum Hall effect in a geometric setting.
For the 2d square lattice Γ ≃ Z 2 ⊂ R 2 , its Pontryagin dual is the 2-torus T 2 . In condensed matter physics, we call this torus the Brillouin torus or Brillouin zone, which is the momentum space where the crystal wave vector k lives.
One assumes the electronic states satisfying Hψ(r) = Eψ(r) are described by Bloch wave functions,
In the momentum representation, the periodic eigenstates u n (k) satisfies
where E n (k) is called the n-th band function. In general, the energy spectrum {E n (k), n ≥ 1} is referred to as the electronic band structure. We always assume that the physical state |u n (k) , or |n, k to emphasize the quantum numbers, is normalized as n, k|n, k = 1. There are two types of bands: the occupied bands, literally occupied by the electrons, and the empty bands. Roughly, the valance band is the top one in the occupied bands and the conduction band is the bottom one in the empty bands. The band gap is defined as the energy gap between the valance and conduction bands, and the Fermi level E F is always assumed to stay within the band gap.
Since a wave function is well defined up to a phase in quantum mechanics, we consider the U(1)-bundle for the n-th occupied band over the Brillouin torus,
Assume that there exist N occupied bands, define the Bloch bundle to be the U(1) ⊗N -bundle by the Whitney sum,
The Berry connection and curvature on B n are defined by
The integral of the Berry curvature over the Brillouin torus gives the first Chern number,
For the Bloch bundle B → T 2 , the total first Chern number is then the sum
In topological insulators, another commonly used way to get the first Chern number is to compute the winding number. Consider the Dirac Hamiltonian H = h(k) · σ, it is convenient to use the phase,
The winding number of d around the monopole defined by h(k) = 0 again gives the first Chern number [13] ,
For the quantum Hall state with H = k x σ x + k y σ y + (M − Bk 2 )σ z , by the above formula
where M(x) is the mass parameter that changes sign when crossing the domain wall at x = 0 and stabilizes at the ends, i.e., lim x→±∞ M(x) = M ± .
Bulk-edge correspondence
We have seen that the first Chern number can be derived from the bulk Hamiltonian in the previous subsection. A generalized Atiyah-Singer index theorem developed in [23] takes care of the Dirac Hamiltonian and gives a bulk-edge correspondence for the quantum Hall effect in a cylinder with boundary. In this subsection we will discuss the bulk-edge correspondence following [23] , which connects the analytical index (spectral flow) of the edge states and the topological index (first Chern number) of the bulk. In the position representation, the Dirac Hamiltonian of the quantum Hall state is
and we call it the bulk Hamiltonian. The corresponding edge Hamiltonian can be obtained by partial Fourier transform. More precisely, if the y-direction has periodic boundary condition, then the edge Hamiltonian is
As usual, we get the edge states by solving the eigenvalue equation
Recall that N is the number of occupied bands, then the N-th edge state φ N is supposed to connect the valence band and the conduction band. Assume that the band structure is shifted so that the Fermi level is located at E F = 0, that is, the occupied bands have negative energies and the empty bands have positive energies. Hence the edge state φ N (k y ) intersects with the Fermi level, and only intersects at finitely many points k y = k * y1 , k * y2 , · · · , k * yℓ by assumption, i.e., ε N (k y ) = 0 for all k * yi . If we count the net change of signs of ε N (k y ) when k y runs through the zero mode points k * yi , we easily obtain the spectral flow of the edge state,
In [23] , the authors constructed an extended Dirac Hamiltoniañ
where τ i are the Pauli matrices. They showed that the Fredholm index ofH e equals the spectral flow based on an adiabatic process
Meanwhile, the Fredholm index can also be computed as the chiral current propagating through the x-direction, which is exactly the difference of first Chern numbers:
In sum, the Atiyah-Singer index theorem for the quantum Hall effect based on the bulk-edge correspondence takes the form,
3 Z 2 topological insulator
In this section, we will look into the Z 2 invariant of topological insulators. We divide it into four subsections, the first subsection is an introduction to time reversal symmetry, effective Hamiltonians and the Bloch bundle.
Next we talk about the Kane-Mele invariant and its variants, which give the analytical Z 2 index. The topological index is the Chern-Simons invariant or the Wess-Zumino-Witten (WZW) term, homotopy theory and global SU (2) anomaly are used to explain why it is a mod 2 index. The Z 2 topological invariant ν, first introduced by Kane and Mele in [29] and further clarified in [19, 20] , is defined as the change of signs of Pfaffian at fixed points of the time reversal symmetry. It is not hard to see that the Kane-Mele invariant can be understood as the spectral flow of edge states.
For 3d topological insulators, the Chern-Simons action describes the bulk field theory and the topological WZW term gives the boundary field theory. The Dirac index and the first Chern number both vanish for a time reversal invariant model. However, the WZW term is the topological index of a Toeplitz operator, which is the paring between the Dirac operator and the odd Chern character of gauge transformations. The built-in SU(2) anomaly [49] of the WZW term is the key to understanding the mod 2 index.
The Pfaffian formalism and the mod 2 WZW term are different aspects of the bosonization of Majorana fermions, i.e., edge states. In other words, the Z 2 invariant is the realization of the Atiyah-Singer mod 2 index theorem [6] in time reversal invariant topological insulators.
Background
We first recall the definition of the time reversal symmetry, which introduces the Kramers pair and changes the topology and geometry of the game. Next we review the effective Dirac Hamiltonians of Z 2 topological insulators, which would define elements in K-homology. In terms of bundles, the right bundle to consider is a quaternionic vector bundle over the Brillouin torus, since the time reversal symmetry introduces an involution on the base manifold and a quaternionic structure in the bundle. The symplectic structure is also discussed, which arises naturally in the quaternionic Hilbert space.
Time reversal symmetry
By definition, a physical observable or operator has time reversal symmetry if it is invariant under the time reversal transformation T : t → −t. For example, the time reversal operator Θ can be defined by
where σ y is the imaginary Pauli matrix and K is the complex conjugation. Θ is an anti-unitary operator, i.e., Θψ, Θφ = φ, ψ , Θ(aψ + bφ) =āΘψ +bΘφ For a spin- 1 2 particle such as an electron, it has the property
which results in the Kramers degeneracy, i.e., all energy levels are doubly degenerate in a time reversal invariant electronic system. A time reversal invariant model is required to have [H(r), Θ] = 0, or in the momentum representation
For example the Dirac Hamiltonian of the quantum Hall state H(k) = k x σ x + k y σ y + (M −Bk 2 )σ z is not time reversal invariant. By contrast, the quantum spin Hall effect is a time reversal invariant model with spin-orbit coupling.
Quantum spin Hall effect
Haldane [26] first investigated the quantum Hall effect in graphene which has a two-sublattice structure. The Kane-Mele model [30] generalized the spinless Haldane honeycomb model and predicted the quantum spin Hall effect with the effective Dirac Hamiltonian
where the gamma matrices are
with the Pauli matrices s i representing the electron spin and
The time reversal operator in this model is defined by
It is easy to check that
combined with the properties of the coefficients,
then the Dirac Hamiltonian H KM is time reversal invariant. If the Rashba term vanishes, then the above Hamiltonian is invariant under spin rotations along the z-axis, i.e., [H KM , s z ] = 0, so it splits into two parts for up and down spins,
where
which is basically two copies of the Haldane model. For each part, one can define the first Chern number as before. Although the total Chern number is always zero,
it is possible to define a new topological invariant, i.e., the spin Chern number
In general, the Rashba term is non-zero, then the spin-up and spin-down parts are coupled together, the definition of the spin Chern number is no longer valid. However, there still exists a Z 2 topological invariant in the general case, which is the main topic of this section.
The quantum spin Hall effect was also predicted by Bernevig, Hughes and Zhang [12] for the strong spin-orbit interacting HgTe/CdTe quantum well, which was observed by König et al. [33] soon after the prediction. The effective Hamiltonian for this quantum well is given by
3d topological insulator
Later on 3d topological insulators were also observed in nature, whose surface states look like double cones due to the Kramers degeneracy, called Dirac cones in the literature. A Dirac cone behaves like a Majorana fermion, sometime also referred to as the Majorana zero mode. The nodal singularity of a Dirac cone is the fixed point of the time reversal symmetry, which is called the Dirac point. The number of Dirac cones determines whether it is a topological insulator, that is, if the material has odd number of Dirac cones, then it is a stable 3d topological insulator. For example, the effective Dirac Hamiltonian for Bi 2 Se 3 with a single Dirac cone [52] is given by
Bloch bundle
Consider a time reversal invariant Dirac Hamiltonian H(k), for simplicity
For each physical state |u n (k) = |n, k , Θ|n, k gives another state with the same energy, and the doublet is called a Kramers pair,
So the Hilbert space H = ⊕ N n=1 H n is 2N-dimensional with dim(H n ) = 2. In the reciprocal lattice, the time reversal invariant points are given by
where K is the reciprocal lattice vector and the coordinates of n i are 0 or 1. For example, in a 2d square lattice with K = (2π, 2π), we have four time reversal invariant points Γ = {(0, 0), (0, π), (π, 0), (π, π)}. So the Brillouin torus T 2 has four fixed points and T 3 has eight fixed points under the time reversal symmetry.
The Kramers doublet defines a rank 2 vector bundle B
From now on, we call
T n the Bloch bundle with time reversal symmetry T .
By definition, an involutive space is a topological space X equipped with an involution ς such that ς 2 = Id X , denoted by (X, ς). A quaternionic vector bundle over (X, ς) is a complex vector bundle π : E → X endowed with an antilinear homeomorphism J :
, (E, J ) defines a real vector bundle over (X, ς). In this language, the Brillouin zone (T d , τ ) is an involutive space defined by the time reversal symmetry T , and the Bloch bundle π :
As physical states |u
we assume the quantum phase can be traced out by a real function χ n , then we have
In other words, the time reversal operator Θ has a matrix representation on each B
T n ,
If we parametrize the Brillouin torus as
, then w n gives the transition function between two patches with positive or negative momentum, so we call it the transition matrix. It is necessary to point out that w n becomes skew-symmetric only at the time reversal invariant points.
Symplectic structure
Our complex Hilbert space H can be viewed as a quaternionic Hilbert space H(H), since the basis elements of H are given by i, j = Θ and k = iΘ. Denote the Kramers doublets by
Define a bilinear form by
which becomes a symplectic form only over the time reversal invariant points, so the Bloch bundle restricted to the fixed points B T | F → F is a symplectic vector bundle.
Recall that the compact symplectic group Sp(n) is defined as the quaternionic unitary group,
where (m ij ) † = (m ji ) is the combination of taking the matrix transpose and the quaternionic conjugate. In particular, we have Sp(1) = SU(2). The Berry connection a n = Ψ † n dΨ n satisfies a n + J −1 a t n J = 0, i.e., a n ∈ sp(1).
Analytical Z 2 index
Atiyah and Singer introduced a mod 2 index of real elliptic operators in KR-theory [6] ,
which is the evenness or oddness of right-moving zero modes. In condensed matter physics, Kane and Mele first introduced the Z 2 invariant in the study of quantum spin Hall effect, the Kane-Mele invariant is the spectral flow of edge states in topological insulators. In this section, we will see that the Kane-Mele invariant and its variants are realizations of the analytical mod 2 index.
Kane-Mele invariant
In this subsection, we will briefly recall the definition of the Z 2 topological invariant ν using time reversal polarization, which was first introduced by Kane and Mele [29] in the spin-orbit interacting honeycomb model of the quantum spin Hall effect. For the 2d quantum spin Hall system, ν ≡ 0 (resp. ν ≡ 1) when there exist even (resp. odd) pairs of helical edge states. Similarly for 3d time reversal invariant topological insulators, ν ≡ 0 (resp. ν ≡ 1) when there exist even (resp. odd ) numbers of Dirac cones (i.e. surface states).
As an analogy to the electric polarization in a cyclic adiabatic evolution, one defines the partial polarizations as the integral of the Berry connections,
Using the combinations of the partial polarizations, one further defines the charge polarization P ρ and the time reversal polarization P θ ,
For time reversal invariant topological insulators, the charge polarization is always zero, and the time reversal polarization delivers the Z 2 topological invariant.
The time reversal polarization P θ can be easily computed for the 2d effective Brillouin zone, i.e., half of T 2 with four fixed points of the time reversal symmetry. In order to look at the edge states, we project it to the boundary with two fixed points, say Γ = {0, π} ⊂ [−π, π],
where w n is the transition matrix (25), the detailed computation can be found for example in chapter 4 of [44] . After exponentiating both sides and using the identity e πi = −1, one obtains
In terms of the time reversal polarization, the Kane-Mele invariant is defined by ν ≡ P θ (mod 2)
In general, the Z 2 -valued Kane-Mele invariant ν is defined by
for the fixed points Γ. At any fixed point, the helical edge states could go across each other and change signs by the assumption of the Fermi level E F = 0. A negative sign of the Pfaffian means that the spectral flow of one chiral edge state is changed by +1 or −1 under the gauge transformation w n . Thus ν keeps track of the parity of the change of sign of the Pfaffians under the time reversal symmetry, which could be also interpreted as the evenness or oddness of the spectral flow or a mod 2 analytical index.
Determinant line bundle
In this subsection, we first give another equivalent definition of the KaneMele invariant by comparing determinant line bundle with Pfaffian line bundle basically following [18] . In the quaternionic Hilbert space (H n (H), Θ), recall that we have the 2-form defined by the time reversal operator,
This 2-form is skew-symmetric only at the fixed points Γ i ∈ Γ, where ω Θ becomes a symplectic form, i.e., (B T Γ i , ω Θ ) is a symplectic vector space. Define the determinant line bundle as usual over the Brillouin torus,
T . Similarly, we define the Pfaffian line bundle, P f B T → Γ over the fixed points, in which the Pfaffian section
gives a nonzero canonical orientation. Now the Z 2 invariant ν can be defined by comparing the orientations of the half determinant line bundle and the Pfaffian line bundle on the overlap
Alternatively, in the complex determinant line bundle Det B T → T d , there exists a real line bundle Det Θ B T induced by the real structure detΘ in
is nonzero and determines an orientation of Det Θ B T , and we emphasize that pf (ω Θ ) becomes a genuine Pfaffian form only at the fixed points Γ. By restriction, a real line Det Θ B T Γ i is sitting inside the complex line Det B T Γ i for any fixed point Γ i ∈ Γ. According to [18] , there always exists a nowhere vanishing invariant section det :
In [36] , the FKMM-invariant was constructed almost along the same line as above. The restricted determinant line bundle DetB T Γ is trivial since Γ is a finite set, triv Γ : DetB
and the global section det :
Γ . The full determinant line bundle is also trivializable h det : DetB T ∼ = T 2 × C, and its restriction h det | Γ gives another trivialization of DetB
Then the FKMM-invariant is defined as the equivariant homotopy class of ω B up to equivariant gauge transformations
In general, κ defines an injective map from quaternionic vector bundles to relative equivariant Borel cohomology classes over an involutive space (X, ς),
See §4 of [36] for more details about the injectivity, the equivalence between the FKMM-invariant and the Kane-Mele invariant was also proved in that section.
Holonomy
Under the time reversal symmetry, we consider the half Brillouin zone, i.e. the effective Brillouin zone. If further project it to the boundary, we get a region bounded by half of the time reversal invariant points, we call it the reduced fundamental domain R. For example,
At the same time, we combine the Kramers pair u s n (s = 1, 2) into a new state u 12 n by reflections defined by w n at the vertices of R, i.e., the fixed points.
We now compute the holonomy when d = 2, denote h as the holonomy of the Berry connection in E n → R 1 .
with the help of the relations
This holonomy gives the Pfaffian part of the time reversal polarization P θ discussed in the previous subsection. Let us start with h as the Pfaffian of the time reversal operator Θ and express the Z 2 invariant ν by two geometric objects. Since w n (π) and w n (0) are skew-symmetric matrices, their Pfaffians are
for some integers k, ℓ ∈ Z. Roughly, the holonomy is the difference of the logarithmic Pfaffians up to some winding numbers,
To eliminate the ambiguity in choosing the integers from the complex argument of the logarithmic function, we modulo both sides by 2π,
It is easy to get an equality by exponentiating as before,
The Pfaffian is well-defined only at the fixed points, but the determinant is defined everywhere.
For any skew-symmetric matrix A, we take the sign of the Pfaffian,
Then the above can be written in the Pfaffian and its sign, ln det w n (π) det w n (0) = ln pf w n (π) pf w n (0) + ln sgn(pf w n (π)) sgn(pf w n (0))
Change the determinant into a trace, we have
In order to compare it with the holonomy, we exponentiate it,
where the half winding number n is defined by
Then the above is equivalent to,
In other words, the Z 2 invariant ν can be defined in this setting by
In contrast to the Kane-Mele invariant being a quotient in the previous subsection, this difference form is another way to compare the square root of the determinant (as a half winding number) with the Pfaffian (as a holonomy).
Maslov index
In the quantum spin Hall system, the Z 2 invariant ν ≡ 0 is equivalent to the fact that the Fermi level intersects the edge states even times, while ν ≡ 1 means the intersection number is odd. This is exactly the definition of the analytical mod 2 index by Atiyah and Singer [6] . In other words, if we view the Fermi level as a fixed reference Lagrangian subspace in the symplectic setting, then the 2d Z 2 invariant can be equivalently defined by the Lagrangian intersection number or Maslov index, an edge Z 2 index was defined this way in [7] . It is well known that the Maslov index can be characterized by a set of axioms, which has different geometric and analytical realizations such as eta invariant or spectral flow. In this subsection, we recall the relations between the Maslov index, eta invariant and spectral flow with one typical example following [15] , and define the Z 2 invariant by the Maslov index as in [7] .
In the simplest symplectic vector space (R 2 , ω) with the standard symplectic form, L ⊂ R 2 is a Lagrangian subspace of ( 
is a Fredholm operator and its kernel is given by constant functions 
Roughly, the eta invariant is the number of positive eigenvalues minus the number of negative eigenvalues. In symplectic geometry, one defines the analytical Maslov index by the eta invariant
For example, consider two typical Lagrangians R and L(θ) = R{e iθ } in (R 2 , ω), the path connecting them can be taken to be
where the integer ℓ is added since the Lagrangian R{e iθ } is invariant by multiplying a minus sign. Since
For 0 < x < 1, the Hurwitz zeta function ζ H (s, x) = ∞ n=0 (n + x) −s has a regular point at s = 0, indeed ζ H (0, x) = 1 2 −x. Hence the real valued Maslov index is easily obtained by direct computation
Define the canonical 1-form on Λ(1) by pulling back the standard 1-form on S 1 ,
which is the generator of the cohomology group
The integer valued Maslov index is defined for a pair of continuous and piecewise smooth Lagrangians
, it is easy to see that
The spectral flow of the family of self adjoint elliptic operators D t = D(L 1 (t), L 2 (t)), a ≤ t ≤ b is defined as the net number of eigenvalues changing sign (+1 for increasing, −1 for decreasing) from a to b, denoted by sf (D t ). A second analytical (integer valued) Maslov index is defined by the spectral flow of f (t) = (L 1 (t), L 2 (t)),
For example, recall that D(R, Re iθ ) has eigenvalues πℓ+θ for −
. When θ approaches 0 from the left, the eta invariant has the limit
Meanwhile, we also have the right limit
Immediately, the spectral flow is easily obtained from the jump of the eta invariant crossing 0, i.e.
To end this subsection, we define the Z 2 invariant ν, i.e., the edge Z 2 index in [7] , by the Maslov index µ modulo two,
where the Fermi level is fixed as R = L(0) and the edge state is assumed to be L(θ). The equivalence with the Kane-Mele invariant can be seen by expressing the edge Z 2 index as the winding number of a closed unitary path, for more details see [7] .
Strong topological insulator
We have defined the Kane-Mele invariant or the analytical Z 2 index mainly in 2d, it is easy to generalize it to 3d [20] . In a 3d topological insulator, the momentum space is assumed to be T 3 for simplicity, so there are eight time reversal invariant points in total. If we project it to a submanifold T 2 as the boundary, then there are four fixed points where the Dirac cones could reside.
We actually need four Z 2 invariants (ν 0 ; ν 1 ν 2 ν 3 ) to characterize a 3d topological insulator. When ν 0 ≡ 0, it is called a weak topological insulator and has even number of Dirac cones. On the other hand, if ν 0 ≡ 1, it is called a strong topological insulator and has odd number of Dirac cones.
Indeed, if the eight fixed points Γ i are labeled by (n 1 , n 2 , n 3 ), n i = 0, 1, then fixing n 1 = 1, one obtains a Z 2 invariant from the 2-torus T 2 , call it ν n 1 =1 . Similarly, we have totally six 2d Z 2 invariants ν n i =0,1 , which are obviously not independent, and the relation is clearly given by
By convention, we define
For instance, a weak topological insulator could have ν 1 ≡ 1, but ν 0 ≡ 0, so it is not stable and could change into an insulator under perturbations. We will talk about these four Z 2 invariants again when we calculate the KR-groups of the 3-torus in the next section.
Topological Z 2 index
In this section, we will discuss how to compute the topological Z 2 invariant for a time reversal invariant model. From the 3d bulk Chern-Simons field theory, we have a 2d topological Wess-Zumino-Witten (WZW) term by the ChernSimons/WZW correspondence. Furthermore, because of the global SU(2)-anomaly the WZW term modulo two gives us the topological Z 2 index in topological insulators, which is also called the parity anomaly. The homotopy theory of time reversal invariant Dirac Hamiltonians gives an alternative explanation of the topological Z 2 index.
CS/WZW correspondence
Zhang et al. [12] first considered the time reversal invariant (4+1)-dimensional Chern-Simons theory generalizing the (2+1) quantum Hall system, the effective action functional was obtained by linear response theory,
where c 2 is the second Chern number
with non-abelian Berry connection and curvature,
In order to get the effective field theory of a 3d topological insulator, dimensional reduction was applied to the above effective action S ef f and the second Chern number as well [12] . The idea of dimensional reduction is to replace one spatial or momental dimension by an adiabatic parameter, and then integrate out this adiabatic parameter carefully.
For the external gauge field, one could reduce the dimension by fixing a convenient gauge such as the Landau gauge. As for the 2nd Chern number, one considers the Chern-Simons class because of its relation with the second Chern character. Indeed, the Chern-Simons form cs 3 (a, f ) is the boundary term of the 2nd Chern character
In addition, the Chern character can be expressed in Chern classes, in our case
since c 1 (f ) = 0 for time reversal invariant models. After dimensional reduction, the effective field theory for a 3d topological insulator is given by
where the magneto-electric polarization P 3 is defined as the Chern-Simons action of the Berry connection,
which is also known as the θ-parameter in condensed matter physics,
In general, the Chern-Simons action is gauge invariant up to a winding number. More precisely, under a gauge transformation,
one has
The topological WZW term on the right hand side is an integer, i.e., the winding number of g. The Chern-Simons invariant υ is defined in [12] by the change of magnetoelectric polarization modulo two,
In the Bloch bundle B T → T 3 , the gauge transformation is given by the transition matrix (25) , so the Chern-Simons invariant is defined by
By the property of the transition matrix, the gauge group can be reduced from U(2) to SU(2) [47] , hence υ is the mod 2 version of the topological term in the SU(2) WZW model. The physics behind the WZW term could be the bosonization procedure, two Majorana fermions (or Majorana zero modes), such as Dirac cones, bound together to be a composite boson. The WZW term appears as the bosonic field theory equivalent to the fermionic theory, which is first discussed in [50] . The physical reason why we have to modulo two is that after bosonization a pair of Dirac cones is stable, but a single leftover Majorana fermion still moves freely and behaves as a conducting edge or surface state.
Furthermore, the bulk-edge correspondence could be interpreted as the Chern-Simons/WZW duality. A 3d topological insulator is described by the Chern-Simons action of the Berry connection, while the chiral edge currents can be modeled by the Kac-Moody algebra in conformal field theory [50] . In other words, the bulk field theory is the 3d Chern-Simons field theory, and the boundary field theory is the 2d Wess-Zumino-Witten model. Thus the bulk-edge correspondence at the level of action functionals turns out to be the equivalence between the bulk Chern-Simons action and the boundary WZW term for the gauge group SU(2).
For SU(2), there is a one-to-one correspondence between the WZW models and Chern-Simons theories, both characterized by their level k ∈ Z. The mapping between the 2nd Chern character (or the 2nd Chern class) and the WZW term in characteristic classes corresponds to the transgression map τ :
Hence this transgression map gives another realization of the bulk-edge correspondence if the Chern-Simons action on a closed 3-manifold M is rewritten as a 2nd Chern character on a bounding 4-manifold B, i.e., ∂B = M.
Odd Chern character
From the last subsection, we know that the Chern-Simons invariant can be defined by the mod 2 WZW term. It is well-known that the WZW term gives rise to a topological index of certain Toeplitz operator. In this subsection, we will review the odd Chern character of gauge transformations and its spectral flow [24] , so the Chern-Simons invariant is naturally interpreted as the spectral flow (mod 2) through odd Chern character.
For two connections A 0 and A 1 on some vector bundle, the relative Chern-Simons form is defined by
There exists a transgression formula connecting the Chern-Simons form and Chern characters,
where the Chern character is defined as usual, ch(A) = tr(e A 2 ). Given a map from a compact (2k − 1)-dimensional spin manifold M to the unitary group g : M → U(n), its homotopy class is an element in the
The odd Chern character of g is defined by
which is a closed form of odd degree. Or equivalently, ch(g) is the relative Chern-Simons form cs(d, g −1 dg) by Taylor expansion. As a classical example, the degree of g :
After quantization, the role of the relative Chern-Simons form cs(d, g −1 dg) is played by the spectral flow sf (D, g −1 Dg). The spectral flow of a Dirac operator D on M is defined by
The Dirac operator D defines a Fredholm module in K-homology, and the spectral flow is the Fredholm index of P gP by the pairing between Khomology and K-theory,
where P = (1 + D|D| −1 )/2 is the projection. More precisely, the index theorem is an identity connecting the analytical index and topological index,
whereÂ is the A-roof genus.
In particular, we haveÂ(T 3 ) = 1 sinceÂ is a multiplicative genus and A(S k ) = 1 for spheres. Hence the degree of g can be computed by the spectral flow on the 3d Brillouin torus,
Finally, we apply it to the edge Dirac Hamiltonian H e and the gauge transformation or the transition matrix w, then the Chern-Simons invariant is the spectral flow of edge states modulo two,
The definition of spectral flow for a general Dirac operator involves the eta invariant, for example see [14] . The analytical η-invariant of a Dirac operator D is defined by
The spectral flow and the η-invariant is connected by the variational formula,
whereη(D) is the reduced eta invariant. This formula is closely related to
Witten's holonomy theorem [14] .
Green function
In this subsection, we rephrase the Chern-Simons invariant of time reversal invariant topological insulators by Green functions following [48] . This approach has the advantage that such topological invariant is still valid even in interacting or disordered systems. The idea of applying Green functions to the study of domain walls in D-branes or edge states in topological insulators can be traced back to early works by Volovik, for example see [46] . According to [40] , the fundamental topological invariant is the second Chern number in (4 + 1)-dimensional time reversal invariant models. Recall the effective field theory is given by,
By evaluating one loop Feynman diagrams, the second Chern number is equivalently defined by fermionic propagators [25] , i.e., Green functions,
where the imaginary-time single-particle Green function of the Hamiltonian H is defined as
For 3d time reversal invariant topological insulators, the electro-magnetic polarization P 3 is again obtained by dimensional reduction,
(58) By a similar argument as the WZW extension problem, which will be explained in the next subsection, 2P 3 is well defined up to certain integer belonging to the homotopy group π 5 (GL(n, C)) ≃ Z. As before, the θ-parameter gives the Chern-Simons invariant in 3d, θ = 2πP 3 ≡ {0, π} mod 2π
In order to get the topological Z 2 invariant in 2d, we need two WZW extension parameters and to reduce one more dimension. The 2d topological order parameter is defined similarly,
(59) The same logic shows that P 2 induces the topological Z 2 invariant and P 2 ≡ 1/2 corresponds to non-trivial topological insulators in 2d.
Homotopy theory
In the appendix of [19] , Fu and Kane showed that the 2d Kane-Mele invariant is equivalently given by ν ≡ 1 2π
where EBZ is the effective Brillouin torus with open cylindrical geometry and its boundary ∂EBZ consists of two circles. The equivalence can be proved by expressing the partial polarizations by integrals of the Berry connection and curvature. One has to modulo two since the integral of a over the two circles always changes by an even number under a gauge transformation. This form of the topological Z 2 invariant can be viewed as the obstruction to defining global band functions. In fact, ν ≡ 1 corresponds to the existence of non-trivial transition functions connecting the Kramers pair on different patches. The study of the homotopy theory of Dirac Hamiltonians can be found back to the 80s [10] . Denote the space of Dirac Hamiltonians by H whose elements are n × n Hermitian matrices, by the exact sequence of a fibration,
In particular, for the 2d case [T 2 , H] = [S 2 , H] = Z, and we say that each component of H is labeled by a Chern number. With the time reversal symmetry, denote H T the space of time reversal invariant Dirac Hamiltonians,
and each element in H T can be represented by a 2n × 2n Hermitian matrix. To get a topological invariant, let us consider the homotopy classes of maps [EBZ , H T ], which physically means the band structure can be continuously deformed without closing any energy gap.
In [35] , Moore and Balents proposed that one could cap the two ends of the cylinder representing the EBZ and explained the topological Z 2 invariant by a homotopy argument. First, we know the homotopy groups of time reversal invariant Dirac Hamiltonians computed in [9] ,
Let us start with π 1 (H T ) = 0, which means the circles in the boundary ∂EBZ are contractible. Hence [EBZ , H T ] can be reduced to [S 2 , H] ≃ Z by gluing two caps onto the cylinder, but the new Hamiltonian is not necessarily to be time reversal invariant. Secondly, two different caps on each boundary circle can be combined to be a sphere, namely, the two caps induces a map in [S 2 , H] and produces a Chern number. Finally, the time reversal constraint forces this Chern number to be even since the hemispheres are time reversal conjugate to each other and the equator is contractible to a point so that two hemispheres become two spheres.
After eliminating the ambiguity of extra even Chern numbers from choosing contractions, a topological Z 2 invariant is obtained by capping the cylinder. A careful reflection shows that the homotopy argument is analogous to the solution to the gauge ambiguity in (60).
Parity anomaly
From [9] , we know that for a Dirac Hamiltonian H ∈ H, its eigenvalue degeneracy has codimension three, so S 2 is used to enclose the monopole and the first Chern number is obtained as a topological invariant in (8) . Similarly, for a time reversal invariant Dirac Hamiltonian H ∈ H T , its eigenvalue degeneracy has codimension five and Kramers doublets are distinguishable in 4d subspaces, say S 4 . In other words, the second Chern number manifests itself as a fundamental invariant for time reversal invariant models, i.e.,
Fukui, Fujiwara and Hatsugai [21] used the same method as that in analysing the global SU(2) anomaly by Witten [49] and explained how to obtain the parity anomaly for time reversal invariant topological insulators.
The second Chern number can be computed by two different approaches
where g : S 3 → SU(2) is a transition function. The right hand side is the winding number of g around the 3-sphere, i.e., c 2 ∈ π 3 (SU(2)) ≃ Z, and c 2 can be viewed as the obstruction to the gauge fixing problem.
Taking the phase ambiguity into consideration, the topological space where the transition function really defined on is S 3 × S 1 , then extend it to the 5-space
SU (3) naturally, and the disc D 2 = S 1 × I can be embedded into SU(3) as well,
A new transition function is defined bỹ
and the topological WZW term Γ(g r ) is defined as usual,
It turns out that this term is Z 2 -valued,
Actually after integrating out the extra variables θ and ρ, we get the second Chern number again,
In other words, the second Chern number is reduced to the topological Z 2 invariant after embedding SU(2) × U(1) into SU(3). In general, the embedding SU(2) × U(1) ֒→ SU(3) is not unique, another possible way is to define
where r(θ) is the diagonal matrix r(θ) = diag(e −iθ/2 , e iθ/2 ). Since π 1 (SU(2)) = 0 and G(x, 0) = G(x, 2π) = 1, S 3 × S 1 can be identified with S 4 . In this way, G falls into two classes according to π 4 (SU(2)) = Z 2 . Then G induces an embeddingG from
It was proved in [21] that the corresponding WZW term is the same as before
More precisely, since the WZW terms are well defined up to a multiple of 2π, we have
This explains why we have to modulo 2π in (63) to eliminate the embedding ambiguity.
In sum, the phase ambiguity gives rise to an equivalence between two even (or odd) 2nd Chern numbers by enlarging S 3 to S 3 ×S 1 ∼ S 4 . With the fixed target SU(2), more room is made in the parameter space and the topological invariant originally living in π 3 (SU(2)) ≃ Z is reduced to π 4 (SU(2)) ≃ Z 2 . In this language, the non-trivial Z 2 topological insulator corresponds to the transition functions g with an odd winding number.
Summary
It was shown in [47] that for a 3d topological insulator, the Chern-Simons invariant and the Kane-Mele invariant are equivalent, i.e., υ = ν, since they are just the integral form and the discrete version of the mod 2 degree. So from now on, we call it the Z 2 invariant of topological insulators. A mod 2 index theorem was proved in [22] connecting the analytical index ind 2 (D) (26) and the topological index (60) for a Dirac operator with time reversal and chiral symmetries. Another proof of the equivalence of the Chern-Simons and Kane-Mele invariants was given in [18] based on the group of reduced topological phases, which will be discussed later in the next section.
Let us recap the relations between different variants of the Z 2 invariant discussed above. Based on the non-abelian bosonization, the Z 2 invariant describes the parity anomaly of edge states in a topological insulator. On the one hand, the analytical Z 2 index is the spectral flow of edge states under an adiabatic evolution. The fermionic path integral of Majorana zero modes (or Dirac cones) introduces the Pfaffian, while the path integral of the equivalent composite boson gives the square root of determinant. After an adiabatic procedure, one could have a different way to bound two Majorana fermions, so that the ratio of the effective action, i.e., the sign of Pfaffian, would change accordingly. The Kane-Mele invariant keeps track of the net change of signs of Pfaffian, that is, the spectral flow of edge composite bosons through the adiabatic evolution. In the geometric setting, it is not hard to translate the above argument into comparing the orientations of Pfaffian line bundle and determinant line bundle. If we further consider the holonomy of the Pfaffian or determinant line bundle, the quotient form of the Kane-Mele invariant would be replaced by a difference form, since the holonomy of determinant line bundle is an exponentiated eta invariant, similarly for the holonomy of Pfaffian line bundle. If we model the edge states by Lagrangian submanifolds in the symplectic setting, then the spectral flow could be computed by the Maslov index, that is, the Lagrangian intersection number of the chiral edge state with the Fermi level.
On the other hand, the topological Z 2 index is the Wess-Zumino-Witten term modulo two, since the bosonization delivers the WZW term as the topological action functional of edge states. The bulk-edge correspondence now is given by the Chern-Simons/WZW duality. The WZW term can be interpreted as the topological index of odd Chern characters of gauge transformations, which again computes the spectral flow of the edge Dirac Hamiltonian under the adiabatic evolution. If we use the Feynman propagator instead of the gauge transform, the WZW term can be calculated by Green functions. According to the dimensional ladder in anomalies, the 3d parity anamaly is the descendant of the 4d chiral anamaly, so the WZW term is connected to the second Chern character by the Dijkgraaf-Witten transgression map in de Rham cohomology. Finally the global SU(2) anomaly of the WZW term gives the parity anamaly and identifies the topological Z 2 index as the mod 2 WZW term.
K-theory classification
In this final section, we will discuss about the K-theory classification of noninteracting (or weak interacting) Dirac Hamiltonians of topological insulators. More precisely, the topological invariants of topological insulators and Bogoliubov-de Gennes (BdG) superconductors fit into a periodic table resembling the Bott periodicity as in topological K-theory. A Clifford algebra classification was first established [42] and the K-theory classification followed as the Clifford extension problem [32] . A finer classification of topological phases based on KR-theory and twisted equivariant K-theory was proposed in [18] . For time reversal invariant topological insulators, KH-theory was also applied to the classification problem in [36] .
KR-theory, introduced by Atiyah [2] , is the K-theory of real vector bundles over an involutive space. By contrast, KH-theory is the K-theory of quaternionic vector bundles over an involutive space. They are isomorphic to each other by a Fourier transform. A detailed treatment of twisted equivariant K-theory can be found for example in [17] .
Tenfold way
Generalizing the standard Wigner-Dyson threefold way, namely, symmetries in quantum mechanics described by unitary, orthogonal and symplectic groups, Altland and Zirnbauer [1] further proposed a tenfold way in random matrix theory, which implies that free fermionic systems can be classified by ten symmetry classes. Indeed, there are three types of discrete symmetries in topological insulators and BdG Hamiltonians: the time reversal symmetry T , the particle-hole symmetry P and the chiral symmetry C, and the combinations of these three symmetries give ten classes in total.
For a time reversal invariant Dirac Hamiltonian H, we have T HT −1 = H and T 2 = ±1 depending on the spin being integer or half-integer, so the time reversal symmetry induces three classes
Similarly, the particle hole symmetry also gives three classes,
The chiral symmetry can be defined by the product C = T · P, sometimes also referred to as the sublattice symmetry. Since T and P are anti-unitary, C is a unitary operator. If both T and P are non-zero, then the chiral symmetry is present, i.e., C = 1. On the other hand, if both T and P are zero, then C is allowed to be either 0 (type A or unitary class) or 1 (type AIII or chiral unitary class). In sum, there are 3 × 3 + 1 = 10 sysmetry classes. In particular, the half-spin Hamiltonian with time reversal symmetry falls into type AII or symplectic class, which is the case we are mostly interested in, for more details about the 10-fold way and other symmetry classes see [42] . In [32] , the above particle-hole symmetry P is replaced by a U(1)-symmetry Q representing the charge or particle number. Roughly, the parity P is related to the charge by P = (−1)
Q . So sometimes topological insulators are also referred to as U(1) and time reversal symmetry protected insulators.
Nonlinear σ-model
One classification scheme is given by the homotopy groups of non-linear sigma models or target spaces of the Brillouin torus [42] . Recall that there are N occupied bulk states by assumption and denote the occupied states by |k := N n=1 |n, k , then the Fermi projection in ket-bra notations is
By definition, the Fermi level E F lies in the band gap between the conduction and valance bands. In addition, it is often set to be zero, i.e., E F ≡ 0, so that the occupied bands have negative eigenvalues, from now on we denote the Fermi projection by P ≡ P F for simplicity. The spectral flattening trick is always applied, and the sign of the Dirac Hamiltonian is denoted by F (k) := H(k)|H(k)| −1 , or in the Fermi projection
We use the notation F to remind ourselves that it looks like the grading operator of a Fredholm module in K-homology satisfying
For the unitary class (type A), F defines a non-linear sigma model,
since the occupied and empty bands both have N levels by assumption. Similarly, for the symplectic class (type AII), F defines another non-linear sigma model,
Without loss of generality, we assume that the empty states have infinitely many bands. In other words, the 2N-dimensional total vector space is replaced by the infinite dimensional Hilbert space, then the classifying space BU(N) (resp. BO(N)) plays the role of the Grassmannian Gr(N, C 2N ) (resp. Gr (N, R  2N ) ). If N is big enough, the lower dimensional homotopy groups stabilize, so it is convenient to use the direct limits as in stable homotopy theory,
For a compact Hausdorff space X, the topological K-theory K(X) is defined to be the Grothendieck group of stable isomorphism classes of finite dimensional vector bundles over X. The complex or real K-group can be equivalently defined by homotopy classes of maps from X to the classifying spaces,
In stable homotopy theory, we say the spectrum of the complex K-theory is Z × BU, which has a period 2, i.e., Z × BU ≃ Ω 2 BU, where Ω is the loop space operation. Similarly, the spectrum of the real K-theory is Z × BO, which has a period 8, i.e., Z × BO ≃ Ω 8 BO. Such periodic phenomenon, known as the Bott periodicity, was first discovered by Bott in the study of homotopy groups of spheres using Morse theory. For unitary or orthogonal groups, the Bott periodicity is spelled out as
Besides topological K-theory and homotopy groups of classical groups, the Bott periodicity also appears in Clifford algebras and their representations, which will be discussed in the next subsection.
Let us get back to the band theory, in the language of K-theory the non-linear sigma model induces an element in the complex or real K-group,
Furthermore, if the Brillouin torus can be continuously deformed to be a sphere S n , then
for type AII
For instance, consider the edge Hamiltonian in the quantum spin Hall effect, i.e., n = 1, then the 2d Z 2 invariant corresponds to
Clifford modules
Following [32] , we briefly go over the Clifford extension problem in this subsection. First of all, the U(1) symmetry Q and time reversal symmetry T have matrix representations
where σ 0 = I 2 and σ i are the Pauli matrices. It is easy to see that
A Dirac Hamiltonian H, represented by a real skew-symmetric matrix A such that iA is Hermitian, has the U(1) symmetry if and only if [Q, A] = 0. Similarly, H being time reversal invariant is equivalent to {T , A} = 0. Let us look at the sign of iA and definẽ
For the Clifford algebra generated by e 1 = T and e 2 = QT , we want to add one more generator e 3 =Ã for the Dirac Hamiltonian with both timereversal symmetry and U(1) symmetry. In general, the Clifford extension problem is to insertÃ and consider the extension
In order to classify the Dirac Hamiltonians with or without the above mentioned Z 2 symmetries, we deal with the representations of Clifford algebras, i.e. Clifford modules. Denote M(Cl 0,n (R)) the free abelian group generated by irreducible Z 2 -graded Cl 0,n (R)-modules. There exists a restriction map induced by i,
Then Clifford extensions give rise to non-trivial cokernels of i * ,
For the complex case, we define M c (Cl 0,n (R)) as the Clifford modules of the complexification Cl 0,n (R)⊗ R C, and A It is easy to promote vector spaces to vector bundles and get the K-theory of Clifford bundles, that is, pass from the Clifford algebra classification to the K-theory classification of topological insulators. For any vector bundle E → X over a compact Hausdorff space X, define the Clifford bundle Cl(E) → X as usual, and a representation gives a Z 2 -graded vector bundle M(E) → X. The Clifford extension problem arises naturally when we add a onedimensional trivial bundle T 1 → X by the Whitney sum, and the cokernel bundle is defined as which induces a map from the cokernel bundle to the reduced KO-group, χ E : A(E) → KO(B(E), S(E)) = KO(E + )
In particular, if the vector bundle E is of rank n, and assume the base space is contractible X ∼ pt, then A(E) is reduced to A n and we get the isomorphism A n ≃ KO(S n ) = π n (BO) more details can be found in [3] . In [32] , Kitaev use the difference object (E, F ; σ) to formulate the Clifford extension problem, where E, F are elements in M(Cl 0,n+1 (R)) and σ is a linear orthogonal map identifying E| Cl 0,n = F | Cl 0,n as restricted representations of Cl 0,n (R). It is easy to see this approach is equivalent to defining the cokernel A n , one advantage of this approach is that it has a direct generalization for Clifford bundles. More precisely, the Atiyah-Bott-Shapiro construction in K-theory defines an element (E, F ; σ) ∈ K(X, Y ) in the same fashion.
Twisted equivariant K-theory
A general framework has been set up in [18] for studying topological phases of quantum systems by twisted equivariant K-theory. For a symmetry group G, a homomorphism φ : G → {±1} is defined to track unitary or anti-unitary, and a group extension
is introduced to take care of the phase ambiguity in quantum mechanics. As a topological invariant, the group of reduced topological phases RT P (G, φ, τ ) is defined to be an abelian group for the generalized quantum symmetry group (G, φ, τ ). For time reversal invariant topological insulators, the reduced topological phase group can be computed by the shifted KR-group of the Brillouin torus,
Similarly, if the parity is reversed (i.e. with particle-hole symmetry P and P 2 = −1), it can be computed by the orbifold K-group,
Finally, if T 2 = −1 and P 2 = −1, then the twisted equivariant K-groups are applied, RT P (G, φ, τ ) ≃ KR
For the torus T d , the KR-groups can be computed by the stable splitting of torus into wedge products of spheres and the twisted Thom isomorphism. Using the reduced KR-theory defined as usual KR(X) ≃ KR(X) ⊕ Z, we have
Let us look closely at two natural maps appeared in the computation of KR −4 (T 3 ). One is the projection map, i.e., three projections p ij : T 3 → T 2 , which induce three embeddings,
The other one is the collapse map q : T 3 → S 3 , which also induces a map between the KR-groups,
It turns out that its image gives the fourth Z 2 component in KR −4 (T 3 ),
×4 which corresponds to the Z 2 invariant for strong topological insulators. The group of reduced topological phases is important in that it provides a universal topological invariant. Recall that ν is the Kane-Mele invariant defined in the Pfaffian formalism based on time-reversal polarization, and υ is the Chern-Simons invariant defined by magneto-electric polarization. For 3d topological insulators, Freed and Moore [18] gave another proof of the equivalence ν = υ by showing that both ν and υ factor through the abelian group RT P (G, φ, τ ) = KR −4 (T 3 ), furthermore, both vanish on Im(p * ij ) and equal the identity on Im(q * ). Denote KH(X) the K-group of quaternionic vector bundles over an involutive space (X, τ ), sometimes the notation KQ(X, τ ) is also used [36] . If the involution τ is trivial, then KH(X) is reduced to the quaternionic K-theory KSp(X) = K H (X) = KQ(X, id X ). Similar to KR-theory, the KH-groups have a period 8,
The relation between the KH-groups and the KR-groups is given by
Since the Bloch bundle (B T , Θ) → (T d , τ ) has a quaternionic structure rather than a real structure, it is better to use KH(T d ) for time reversal invariant topological insulators. However, the above relation tells us that if we shift the KR-groups by 4, then the KR-classification [18] agrees with the KHclassification [36] for the classification problem of Bloch bundles over the Brillouin torus.
